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CONNECTIVITY PROPERTIES OF STAR AND STAR/MESH NETWORKS
L. E. Miller 2 April 2001
1. STAR NETWORK

A star network connected by bidirectional links can be modeled as M "rays" of N nodes plus a
center node, as illustrated in the following figure:
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The adjacency (one-hop connectivity) matrix for such a network, in which a 1 entry at (4, j) indi-
cates a connection from node 7 to node j and a 0 entry at (i, j) indicates no connection from node
itonode j,isan (NM + 1) x (NM + 1) matrix with the form given by
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where Ay is the N x N adjacency matrix for a single row of N nodes connected in tandem.
The structure of Ay is a matrix of Os, except for V — 1 1s on the first upper diagonal and N — 1
1s on the first lower diagonal, for example,

010000
1 0100 0
01 0100
A6_001010 2)
000 1 0 1
00 00 1 0]

The one-hop connectivity of the network, defined as the fraction of the N M (N M + 1) possible
links that are operative, is simply the sum of the elements of A, divided by NM(NM + 1), or

M x2(N—1)+2M x1 2
NM(NM + 1) - NM+1

Connectivity =

€)

In addition to one-hop connectivity, we are interested in the hop distance between each
pair of nodes, defined as the minimum number of links needed to be traversed in order to connect
the pair. The hop distances for the possible node pairs can be represented collectively as entries
in a (multihop) connectivity matrix. With some observation, it can be verified that the (multi-
hop) connectivity matrix for the star network with M rays of N nodes plus a center node has the
form given by

[ Cy Cy+2Vy Cy+2Vy -+ Cy+2Vy ’UN_
Cy +2Vy Cy Cy+2Vy -+ Cy+2Vy vy
Cy+2Vy Cy+2Vy Cy o Oy +2VNy vy
Cstar = : : : " : : “4)
Cy+2Vy Cy+2Vy Cy+2Vy - Cy UN
where Cy is the connectivity matrix for a row of N nodes, v% =(1,2,3,--,N)isalx N
vector (the transpose of vy), and Vi is a special N x N matrix given by
(11 1 1 1 1]
1 2 2 2 2 2
1 2 3 3 3 3
V=11 2 3 4 4 4 (5)
1 2 3 4 5 5
1 2 3 4 5 N

The connectivity matrix for a row of N nodes is given by
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0 1 2 3 4 N -1
1 0 1 2 3 N -2
2 1 0 1 2 N -3
Cy = 3 2 1 0 1 N -4
4 3 2 1 0 N -5
| N-1 N-2 N-3 N—-4 N-5 - 0

(6)

Note that the elements on the kth upper and lower diagonals of Cy are all equal to &k, k = 1, 2,
.., N — 1. For example, the connectivity matrix for a star network with three rays of four nodes

plus a center node is the following 13 x 13 matrix:

0123 2 3 45 2 3 4 51
1 01 2 3 4 5 6 3 4 5 6 2
21 0145 6 74 5 6 7 3
3 2105 6 7 8 5 6 7 8 4
2 3 45 01 2 3 2 3 4 5 1
345 6 1012 3 4 5 6 2
Caar=14 5 6 7 2 1 01 4 5 6 7 3
5 6 7 8 3 2 1 0 5 6 7 8 4
2 3 45 2 3 45 01 2 31
345 6 3 45 6 1 01 2 2
4 5 6 74 5 6 7 2 1 01 3
5 6 7 8 5 6 7 8 3 2 1 0 4
12 3 41 2 3 4 1 2 3 40

(7)

The maximum hop distance between node pairs is 2/N. The average hop distance is simply the
sum of the elements of Cl,, divided by NM (N M + 1). To derive the average hop distance for
the star network, let us use the notation || X||, to denote the sum of all the elements of matrix X.

Then the average hop distance is given by

||Csta7“||+
NM(NM +1)

m =

By inspection of (4), the sum of the elements of C,, is given by
|1Cotarll = M|Cnl, + 2M [Jonll, +2M (M — 1)Vl

where [loy|| . = §N(N +1),

ICx]l, =2[(N =1) -1+ (N—=2)-2+ - +2-(N=2)+1- (N —1)]

(8)

)
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=2N-3(N—-1)N—2-3(N —1)N(2N — 1) = N(N — 1)(&H) (10)
and
Vall, =1- 2N -1)+2- (2N =3)+ -+ (N—-1)-3+ N -1
N N N
=3 kRN -2k+1)=02N+1)> k-2> K
k=1 k=1 k=1
=(2N+1)-3N(N+1)—2-¢{N(N+1)(2N +1)
= tN(N +1)(2N +1) (11)
Thus

|Cytarl|, = M? - N(N — 1) (X)) + MN(N +1) + M(M —1)- :N(N +1)(2N + 1)
=sNM(N +1)2MN +M — N +1) (12)

and the average hop distance for a star network is

(N+1)2MN + M — N +1)
3(MN +1)

(13)

m =

2. STAR-MESH NETWORK

If the nodes in the star network are cross-connected as well as radially connected, then a kind of
"star-mesh" network topology is created, which has the following diagram:
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The adjacency (one-hop connectivity) matrix for such a network, in which a 1 entry at (4, j) indi-
cates a connection from node 7 to node j and a 0 entry at (i, j) indicates no connection from node
itonode j,isan (NM + 1) x (NM + 1) matrix with the form given by

1
Ayx In 0 In 0
0
1
Iy Ax Iy 0 0
0
1
Astm'—mesh, = 0 Iy AN ce 0 0 (14)
0
1
Iy 0 0 Ay 0
0
10 -0 10 -0 100 -+ 10 -0 0

where Iy is the N x N identity matrix and Ay is the N x N adjacency matrix for a single row
of N nodes connected in tandem. The one-hop connectivity of the network, defined as the
fraction of the NM(NM + 1) possible links that are operative, is simply the sum of the
elements of A mesn divided by NM(NM + 1), or

Mx2(N-1)+2M x N+2M x1 4
NM(NM +1) - NM+1

(15)

Connectivity =

which is twice the connectivity as that for the star network with the same number of nodes.

With some observation, it can be verified that the (multihop) connectivity matrix for the
star-mesh network with M cross-connected rays of N nodes plus a center node has the form
given by

Cy Cyv+Uy Cy+2Un -+ Cn+Uy vy
Cy+Uy Cy Cy+Uy -+ Cy+2Un vy
Ctprane = | XTI OO Gy VRO e )
Cy+Uy Cy+2Uy Cyn+2Uy --- Cy vy
'UIT\, 'v]:f, 'U]T\, 'u]:f, 0
where Cly is the connectivity matrix for a row of N nodes, vi = (1,2,3,---,N)isalx N

vector (the transpose of vy), and Uy is the special N x N matrix whose entries are all 1s. That
is, except for the last column and last row, Cltgpmesn 18 an M x M matrix of N x N matrices,
with the diagonal N x N matrices equal to C'y, the N x N matrix entries "rotationally adjacent”
to the diagonals equal to C'y + Vi, and the other N x N matrix entries equal to Cy + 2Vy.
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For example, the connectivity matrix for a star-mesh network with four rays of four nodes

plus a center node is the following 17 x 17 matrix:

0123 12 3 4234512341
1012 2 1 2 3 323 421 2 3 2
2 1013212 432332123
3 21043 2 15 43 2 43 2 1 4
1 2 3 40123123423 451
212 31012 2 12 33 2 3 4 2
321221013212 43 2 3 3
43 2 1321043 2 1543 2 4
Commesh =12 3 4 5 1 2 3 4 01 2 3 1 2 3 41
32342 1231012212 3 2
432 3321221013212 3
5 4 3 2 43 2 132 10 4 3 2 1 4
1 2 3 42 3 4512 3 401231
21 2 3 3 2 3 421231012 2
321 2 432332122101 3
4 3 2 15 43 2 43 2 13210 4
1 2 3 41 2 3 412 3 412 3 40

(17)

The maximum hop distance between node pairs is NV 4+ 1. The average hop distance is the sum
of the elements of Cl,, divided by NM(NM + 1). To derive the average hop distance for the
star network, we use the notation || X||, to denote the sum of all the elements of matrix X. Then

the average hop distance is given by

| | Cstar—mesh | | +
NM(NM +1)

m =

By inspection of (16), the sum of the elements of C,, for M > 3 is given by
ICstar-mesn |l = MP|Cxll, + 2M oyl +2M||Ux ||, + M (M = 3)||2Un]],
where |loy ||, = IN(N + 1), [[nUy|, = nN?, and ||Cy||, = N(N —1)(%H). Thus

|Cstar-mesn|l, = M*- N(N — 1) (&) + MN(N +1) 4+ 2M (M — 2)N?
= INM(MN?+6MN — M — 9N + 3)

and the average hop distance for a star-mesh network is

MN?+6MN — M — 9N +3
3(MN +1)

m =

(18)

(19)

(20)
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